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Abstract 
This paper presents the mathematical model of distributed slack bus power flow (DSPF) 
program and its application to competitive electricity supply industry (ESI). The 
advantage of DSPF is its ability to compute the frequency deviation when the ACE is 
treated as fixed value. It can represent the automatic generation controls (AGC) for 
maintaining nominal frequency. More specifically, the proposed method can diversify the 
power imbalance to voltage controlled buses in the system via participation factor. 
Therefore, the AGC of the generators can be incorporated in the analysis. The 
participation factors of the generators are obtained by the weighted average of AGC 
accepted quantities in ancillary services market. The results shows that the proposed 
method can satisfactory represent the system behaviour that all generators are response to 
power imbalance. In addition, the proposed method results in the better justified AGC 
setting in competitive electricity market than that of using single slack bus power flow. 
The DSPF is tested with the IEEE 30 bus system and compared to single slack bus power 
flow solution. Numerical results shown that the method can effectively represent the 
generation control characteristics to the power flow model and potentially be applied to 
simulate the competitive electricity markets.  
 
 

 
1. Introduction 
 
Power system are steadily growing and have become 
large and more complex with interconnections to 
neighboring system for reliable and economic 
operation under dynamic as well as steady state 
operating condition [1-4]. Deregulation and 
restructuring of electricity supply industry (ESI) have 
been taking place in several countries to improve 
efficiency, lower electricity price, and tackle financial 
debts. Different structures were adopted in different 
countries. 
 
To obtain optimal power dispatch under price based 
environment, electricity and ancillary services could 
be dispatched successively by the series of linear 
programming (LP) [5] or simultaneously by the 
mixed integer linear programming (MILP) [6]. The 
line flow limits were neglected to simplify the 
problem. To incorporate line flow limit constraints, 
an optimal dispatch problem can be formulated as an 
extended problem in the optimal power flow (OPF) 
[7-9].  
 
The theoretical analysis presented above is dependent 

upon the concept of a single slack bus. Recall that the 
slack bus issue arises primarily because of lack of 
prior knowledge of system losses. Because of this, to 
maintain the real power balance on the system one 
cannot specify the real power generated at all 
generators. Mathematically, the need for slack bus is 
seen in the singularity of the load flow real power 
Jacobian. Therefore, the computed losses on the 
transmission system are a function of the choice of a 
slack bus.  
 
In the actual operation of electric power systems there 
is no single slack bus, instead there are many 
generators distributed geographically throughout the 
system which take on the function of a slack bus. To 
account for this, a distributed slack bus power flow 
analysis is needed. Moreover, the pricing for losses or 
imbalances on the system should correspond to actual 
operation for the pricing scheme. 
 
Many researchers recognized the inadequacy of a 
single slack bus and its diverse effects on the steady 
state calculations in power systems. For example, 
[10] used a linear transformation to distribute the real 
power imbalance reflected at the slack bus by self 
balancing pairs, assuming a lossless system. In [11-
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14], the approach is based on participation factors, 
which resembles actual operation of power systems. 
 
In this paper, an application of distributed slack bus 
power flow to competitive electricity supply industry 
(ESI) is introduced. The participation factors of the 
generators are obtained by the weighted average of 
AGC accepted quantities in the ancillary services 
market. The results shows that the proposed method 
can satisfactory represent the system behavior that all 
generators are response to power imbalance. In 
addition, the proposed method results in the better 
justified AGC setting in competitive electricity 
market than that of using single slack bus power flow.  
 

The organization of this paper is as follows. Section 
II addresses the mathematical model of DSPF. The 
concept of AGC operation as ancillary services under 
competitive environment is discussed in Section III. 
Optimal power dispatch based on offered price and 
quantities including DSPF application to competitive 
ESI are illustrated in Section IV. Numerical results on 
the IEEE 30 bus test system are demonstrated in 
Section V. Lastly, the conclusion is given.  

 
2. Mathematical Model  
The generator’s prime mover responses and AGC 
action are included as primary and secondary controls. 
Active power generation at bus can be considered as, 

i Gei GsetiG P+P=P ,     (1) 
minmax

GiGiGi PPP ≥≥ ,      (2) 
where  
PGi  is the real power generation of the generator 

connected to bus i (MW), 
PGset i  is real power schedule at bus i (MW), 
PGei  is real power generation due to primary and 

secondary control at bus i (MW), 

GF
r

P iGei ∆+∆−= α
1

1 ,     (3) 

00.1
1

=∑
=

NG

i
iα ,      (4) 

0-F F F∆ = ,      (5) 
where 
ri  is the speed-droop setting on turbine governor 

in generating plant connected to bus i 
(Hz/MW), 

∆F  is steady-state frequency deviation (Hz),  
F  is actual system frequency (Hz), 
F0  is schedule system frequency (Hz), 
αi  is participation factor of generator connected to 

bus i, 
NG is total number of buses connected to the 

generators, and 
∆G  is static area control error (MW). 
 

In case of power demand deviation, 

FBPG D ∆+∆=∆ ,     (6) 
FBPPP DDD ∆+−∆=∆ 0 ,    (7) 

loss

NB

i
LiD PPP +=∑

=1

     (8) 

where,  
B  is bias factor setting of AGC control regulator, 

constant for area load frequency characteristic 
(MW/ Hz), 

PD   is total real power demand (MW), 
∆PD   is total real power demand deviation (MW), 
PLi  is the real power load at bus i (MW), 
PLoss  is the real power loss of system (MW), 
NB is total number of buses, and 
PD0  is initial total real power demand (MW). 
 
Considering the complex power balance equations at 
NB buses and separating the real and imaginary parts, 
2NB number of non-linear equations is obtained [14]. 
These can then be solved by Newton-Raphson 
iterative technique. The complex power is, 

).()(     
)()(     

LiGiLiGciGseti

LiGiLiGi

iii

QQjPPP
QQjPP

jQPS

−+−+=
−+−=

+=
   (9) 

 
The power balance equations can be expressed as,  

,1,...,   ,)cos(
1

NBiyVVP
NB

j
ijijijjii =−=∑

=

δθ          (10) 

,1,...,   ,)sin(
1

NBiyVVQ
NB

j
ijijijjii =−−= ∑

=

δθ           (11) 

where, 
Si  is the injected appearance power at bus i 

(MVA), 
Pi  is the injected real power at bus i (MW), 
Qi  is the injected reactive power at bus i (MVAr), 
QGi  is the reactive power generation at bus i 

(MVA), and 
QLi  is the reactive power load at bus i (MVA), 

iV     is the voltage magnitude of bus i (V), 

ijy  is the magnitude of the ijy  element of Ybus 

(mho), 

ijθ  is the angle of the ijy  element of Ybus (radian), 
and 

ijδ   is the voltage angle difference between bus i 
and j (radian). 

 
In the steady state power flow analysis, considering a 
system of NB buses and assuming NG numbers of 
voltage controlled buses, the unknowns are, 

- (NB-1) number of voltage phase angle at (NB-1) 
buses. More specifically, the generator buses 
voltage phase angle ( referencei ,δ , i is not reference 
bus) are unknown variables, and 

- (NB-NG) number of voltage magnitudes at (NB-
NG) buses. More specifically, the load buses 

Presented in AUPEC 2007, Perth, Western Australia, 9-12 December, 2007

532



voltage magnitude ( iV , ∈i  load bus) are 
unknown variables. 

 
Considering that the active power injected at a bus 
does not change significantly for a small change in 
the magnitude of bus voltage. Similarly, the reactive 
power injected at a bus does not change for a small 
change in the phase angle of bus voltage. Therefore, 
the corresponding sensitivity coefficients are 
neglected. 
 
In this paper, ∆G is selected as the unknown. 
Therefore, the total number of unknowns is 2NB-NG. 
Assuming bus 1 as a voltage phase angle reference 
for other buses, the linearized equations for 
decoupled Newton-Raphson iterative solution can be 
written as, 
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The above relation can be written as, 

[ ] [ ] ⎥
⎦

⎤
⎢
⎣

⎡
∆
∆

=∆
δ
G

JP 1
,             (14) 

[ ] [ ][ ]2Q J V∆ = ∆ ,  (15) 
where, 
[J1] is (NB×NB) matrix, and 
[J2] is (NB-NG) × (NB-NG) matrix. 
 
The power mismatch can be computed as, 
[ ] [ ] [ ]calculatedspecified

k P-P=P∆ ,    (16) 

[ ] [ ] [ ]calculatedspecified
k Q-Q=Q∆ ,     (17) 

where, 
k  is the iterative count, 
[ ]specifiedP  is the column matrix represents the specified 

real power injection at bus i (MW), i = 1,…, 
NB,   

[ ]calculatedP  is the column matrix represents the 
calculated real power injection at bus i (MW) 
using Eq.(10) , i = 1,…, NB, 

[ ]specifiedQ  is the column matrix represents the specified 
reactive power injection at bus i (MW), i = 
NG+1,…,NB, and 

[ ]calculatedQ  is the column matrix represents the 
calculated reactive power injection at bus i 
(MW) using Eq.(11), i = NG+1,…,NB. 
 

The estimated bus voltage, X, and calculated power 
are used to evaluate the element of the Jacobian 
matrices [J1] and [J2]. ∆X, ∆δ and ∆V  can be 
obtained from, 

[ ] [ ]-1
1 

X
J P

δ
∆⎡ ⎤

= ∆⎢ ⎥∆⎣ ⎦
,      (18) 

[ ] [ ] [ ]-1
2V J Q∆ = ∆ .      (19) 

 
Then the variables are updated as, 

1k k kX X X+ = + ∆ ,         (20) 
kkk δδδ ∆+=+1 ,     (21) 

1k k kV V V+ = +∆ .         (22) 
 
The iterative process is repeated until ∆Pk and ∆Qk for 
all buses are within a specified tolerance. 
 

3. AGC as Ancillary Services 
 
In competitive electricity and ancillary services 
markets, the independent system operator (ISO) must 
match supply and demand in an optimal and secure 
manner under the generator operational and 
transmission system constraints in real time. For 
reliability and security reasons, ISO purchases 
ancillary services such as automatic generation 
control (AGC), spinning and non-spinning reserves 
from the ancillary services providers or generation 
companies either on mandatory or competitive basis 
[6-9].  
 
The AGC is the ability of (capacity provided by) the 
generating unit to respond to signals from the ISO to 
provide control area balancing, frequency bias and 
time error correction. Therefore, it is a secondary 
frequency regulation. Generally, the operating 
practice requires the AGC to drive the area control 
error (ACE) to “cross zero” every specified time 
interval [6]. More specifically, AGC is the regulating 
capability that responds in an effort to continuously 
balance in minute to minute load variations [6-7]. 
Regulating capacity is converted to an AGC 
commodity which is a weighted average of the MW 
response available in ten minutes [7]. However, each 
generator can choose to offer any quantities and 
associated prices for electricity, AGC, Ten-minute 
spinning reserve (TMSR) and Thirty-minute 
operating reserve (TMOR), given generator capability 
[7]. 
 
The TMSR is a resource capacity synchronized to the 
system which is capable to immediately supply 
energy or reduce demand and fully available within 
ten minute [6-7]. TMSR is required to respond to 
contingencies including generator or transmission line 
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outages, not minute to minute load variations like 
AGC.  
 
The TMOR is the capability of the generator to 
respond in 30 minutes. TMOR can be referred to the 
resource from non-synchronizing generator only as 
suggested [7]. But TMOR could be extended to 
include either off-line generating unit that can start 
and ramp up to the specified level of output or 
synchronized generating unit which can increase the 
output between 10 and 30 minutes [6]. 
 
4. Optimal Power Dispatch Based on Offered 
Prices and Quantities  
 
The objective functions for optimal power dispatch in 
electricity market can be expressed as [6, 8-9],  
Minimize  

∑ ∑
=

=

⎥
⎥
⎥
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iiii
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1

, (23) 

subject to the power balance constraints in Eqs.(9) 
and (10), 
where, 

∑
=

=
iNS

j
GijGi PP

1

, for i = 1, …, NG,    (24) 

max
GijGij PP ≤≤0 ,  for j = 1, …, NSi ,   (25) 

and the line flow limit constraints, 
max

ll ff ≤ , for l=1, …, NC,                                   (26) 
and the security constraints, 

∑∑
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≤+⋅=
NG

i
i

NTD

i
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11
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i
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11
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NG

i
i

NTD

i
lossDi TMORPPTMORTMORR

11
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and the generator maximum operating limit 
constraints, 

max
Gi

ii

iGi P
TMORTMSR

AGCP
≤⎥

⎦

⎤
⎢
⎣

⎡
+

++  , for i = 1, …, NG,          (30) 

and the generator minimum operating limit and AGC 
low regulating limit constraints, 
 
( ) 0)( minmin

, ≤−⋅+−⋅ GiGiiGi
low

iAGCi PPZPPA ,  
for i=1,…,NG,     (31) 

where, min
, Gi

low
iAGC PP ≥ , for i = 1, …, NG, 

and the AGC limit and high regulating limit 
constraints, 

iii AAGCAGC ⋅≤≤ max0 , for i = 1, …, NG,  (32) 
high

AGC,iiGi PAGCP ≤+ , for i=1, …, NG,                  (33)    

where,  max
, Gi

high
iAGC PP ≤ , for i = 1, …, NG, 

and the AGC supply constraints,  
0≤− ii ZA , for i = 1, …, NG,             (34) 

where, { }10,∈iA    and  { }10,∈iZ , for i = 1, …, NG, 
and the TMSR limit constraints, 

iii ZTMSRTMSR ⋅≤≤ max0 , for i=1,…,NG,          (35) 
and the TMOR limit constraints, 

max0 ii TMORTMOR ≤≤ , for i = 1, …, NG,  (36) 
where, 

iAGC   is accepted AGC quantity supplied by 
generator at bus i (MW), 

AGCR  is total system AGC requirement (MW), 
max
iAGC   is offer AGC quantity of generator at bus i 

(MW), 
iA   is on or off AGC status of the generator at 

bus i, 
lf  is MVA flow of line or transformer l 

(MVA), 
max

lf   is MVA flow limit of line or transformer l 
(MVA),  

NC  is total number of line flow and transformer 
loading terminal constraints, 

iNS   is number of segments of generator supply 
cost function at bus i, 

iOAGC  is AGC offer price of generator at bus i 
($/MWh), 

iOTMSR is TMSR offer price of generator at bus i 
($/MWh), 

iOTMOR is TMOR offer price of generator at bus i 
($/MWh), 

high
iAGCP ,   is high regulating limit of generator at bus i 

(MW), 
low

iAGCP ,   is low regulating limit of generator at bus i 
(MW), 

max
GijP   is generator offer block j at bus i (MW) 
max

GiP   is maximum real power generation at bus i 
(MW), 

min
GiP   is minimum real power generation at bus i 

(MW), 
GiP   is real power generation at bus i (MW), 

GijP   is accepted generator offer block j at bus i 
(MW), 

lossP   is total system real power loss (MW), 

GiQ   is reactive power voltage controlled 
generation at bus i (MVAR), 

DiQ   is reactive power demand at bus i (MVAR),  

ijS   is offer price block j of generator at bus i 
($/MWh), 

iTMOR   is accepted quantity of TMOR supplied by 
generator at bus i (MW), 

iTMSR   is accepted quantity of TMSR supplied by 
generator at bus i (MW), 

TMORR is total system TMOR requirement (MW), 
TMSRR is total system TMSR requirement (MW), 
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iZ   is committed or uncommitted status of 
generator at bus i, 

AGC%  is AGC requirement in percentage of total 
real power dispatch,  

TMOR%  is TMOR requirement in percentage of total 
real power dispatch, and 

TMSR%  is TMSR requirement in percentage of total 
real power dispatch, 

 
By Eqs. (31), (32), and (34), the AGC offer of 
generator i can be selected ( 1=iA ) only when the 
generator i is committed to the system ( 1=iZ ) [6]. 
Under the AGC low and high regulating limits, the 
generator can perform AGC function. The AGC low 
regulating limit is higher than or equal to the 
minimum operating limit and AGC high regulating 
limit is less than or equal to the maximum operating 
limit. 
 
The imbalances between contractual and physical 
electricity consumption in real time are handled by a 
balancing mechanism in balancing market (BM) [9]. 
Therefore, there is an opportunity for generators to 
sell their remaining available capability in BM. 
However, the ISO is required to simultaneously 
optimally dispatch the electricity and ancillary 
services markets. The DSPF is used for balancing 
electricity. The participation factors are obtained by, 

,

1
∑
=

= NG

j
i

i
i

AGC

AGCα
                                   (37) 

where, 
αi  is participation factor of generator connected 

to bus i, 
OEAGCi is the offered energy price of AGCi 
($/MWhr).  

 
If the violated line sensitivity of the generator i is 
greater than zero ( 0>

Gi

l

dP
df ), the AGCi is set to zero. 

With this formulation, the AGC is distributed to all 
generators connected to the system in accordance 
with their offered price. 
 
4. Simulation Results 
 
The proposed method has been tested with modified 
IEEE 30 bus system. The network data was given in 
[15]. The offered price and quantities of electricity 
are given in [16]. The AGC, TMSR, and TMOR 
offered prices and quantities are shown in Table 1. 
The AGC, TMSR, and TMOR requirements are 3%, 
5%, and 5%, of total demand, respectively.  
 
The dispatch result is shown in Table 2. The line 9-11 
flow is violate its limit and resulted in binding 
solution on the line 9-11 flow limit constraint. 

 

Table 1 AGC, TMSR, and TMOR offered prices and 
quantities of IEEE 30 bus system 

AGC TMSR TMOR Gen 
Bus MW $/MW MW $/MW MW $/MW 

1 
2 
5 
8 

11 
13 

2 
4 
2 
3 
3 
2 

7 
11 
12 
13 
14 
5 

4 
2 
5 
2 
5 
2 

8 
11 
8 
10 
14 
12 

3 
4 
3 
2 
5 
3 

15 
13 
14 
15 
16 
12 

 
Table 2 Dispatch results of IEEE 30 bus system  

Gen Bus Electricity AGC TMSR TMOR 
1 
2 
5 
8 

11 
13 

70.65 
20.00 
82.50 
41.20 
29.46 
42.43 

2 
4 

0.5872 
0 
0 
2 

4 
2 
5 
2 
0 

1.312 

3 
4 

2.312 
2 
0 
3 

 
Table 3 Dispatch results of IEEE 30 bus system with 
single slack bus power flow 
BUS |V| DEL Pgen Qgen Pload Qload 
=== ===== ===== ===== ===== ===== ===== 
1 1.06 0 73.6 18.5 0 0 
2 1.045 -1.4 20 29.2 21.9 12.8 
3 1.029 -2 0 0 2.4 1.2 
4 1.022 -2.3 0 0 7.7 1.6 
5 1.01 -3 82.5 4.4 95.1 19.2 
6 1.016 -2.6 0 0 0 0 
7 1.006 -3.3 0 0 23 11 
8 1.01 -2.3 41.2 8.1 30.3 30.3 
9 1.054 -3 0 0 0 0 
10 1.048 -4.9 0 0 5.9 2 
11 1.082 0.1 29.5 15.4 0 0 
12 1.063 -3.4 0 0 11.3 7.6 
13 1.071 -0.4 42.4 7.1 0 0 
14 1.048 -4.4 0 0 6.3 1.6 
15 1.043 -4.6 0 0 8.3 2.5 
16 1.049 -4.3 0 0 3.5 1.8 
17 1.043 -4.9 0 0 9.1 5.9 
18 1.032 -5.4 0 0 3.2 0.9 
19 1.029 -5.7 0 0 9.6 3.4 
20 1.033 -5.5 0 0 2.2 0.7 
21 1.036 -5.4 0 0 17.7 11.3 
22 1.036 -5.4 0 0 0 0 
23 1.031 -5.3 0 0 3.2 1.6 
24 1.025 -5.9 0 0 8.8 6.8 
25 1.018 -6.2 0 0 0 0 
26 1.001 -6.6 0 0 3.5 2.3 
27 1.024 -6.1 0 0 0 0 
28 1.012 -2.9 0 0 0 0 
29 1.004 -7.3 0 0 2.4 0.9 
30 0.992 -8.2 0 0 10.7 1.9 

 
It is presumed that the load is increased by 1%, 
distributed to all bus proportionately to initial loads, 
during the time interval of AGC secondary control 
action. The total load is 286.23 MW. The power flow 
program with single and distributed slack bus are run 
to obtain final conditions after AGC take action. 
Table 3 shows the power flow result of single slack 
bus power flow. With single slack bus, the power 
imbalance is met by the generator at bus 1. The total 
real power generation is 289.18 MW and the total real 
power loss is 2.95 MW. 
 
Table 4 shows the power flow result of DSPF. The 
DSPF results in the total real power generation of 
289.15 MW with total real power loss of 2.92 MW. 
The results in Table 4 show that the proposed method 
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can allocate the AGC dispatch to the generator 
corresponding to their accepted AGC in ancillary 
services market. The DSPF can be potentially applied 
to the competitive electricity market. 
 
Table 4 Dispatch results of IEEE 30 bus system with 
DSPF 
BUS |V| DEL Pgen Qgen Pload Qload 
=== ===== ===== ===== ===== ===== ===== 
1 1.06 0 71.3 19.1 0 0 
2 1.045 -1.3 21.4 28.6 21.9 12.8 
3 1.029 -1.9 0 0 2.4 1.2 
4 1.022 -2.2 0 0 7.7 1.6 
5 1.01 -2.9 82.7 4.3 95.1 19.2 
6 1.016 -2.5 0 0 0 0 
7 1.006 -3.2 0 0 23 11 
8 1.01 -2.3 41.2 8.1 30.3 30.3 
9 1.054 -2.9 0 0 0 0 
10 1.048 -4.8 0 0 5.9 2 
11 1.082 0.2 29.5 15.4 0 0 
12 1.063 -3.3 0 0 11.3 7.6 
13 1.071 -0.2 43.1 7.1 0 0 
14 1.048 -4.3 0 0 6.3 1.6 
15 1.043 -4.5 0 0 8.3 2.5 
16 1.049 -4.2 0 0 3.5 1.8 
17 1.043 -4.8 0 0 9.1 5.9 
18 1.032 -5.3 0 0 3.2 0.9 
19 1.029 -5.6 0 0 9.6 3.4 
20 1.033 -5.5 0 0 2.2 0.7 
21 1.036 -5.3 0 0 17.7 11.3 
22 1.036 -5.3 0 0 0 0 
23 1.031 -5.2 0 0 3.2 1.6 
24 1.024 -5.8 0 0 8.8 6.8 
25 1.018 -6.1 0 0 0 0 
26 1.001 -6.5 0 0 3.5 2.3 
27 1.024 -6 0 0 0 0 
28 1.012 -2.9 0 0 0 0 
29 1.004 -7.3 0 0 2.4 0.9 
30 0.992 -8.1 0 0 10.7 1.9 

 
4. Conclusion  
 
In this paper the DSPF is satisfactory represent the 
system behaviour that all generators are response to 
power imbalance. In addition, the proposed method 
results in the well justified for AGC in competitive 
electricity market. 
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